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In note' I made use of the idea of the product of two constructs
in i.- ,obtain certain properties of Abelian integrals attached to
algebra.. iieties. The present note uses the same method to, obtain
further pi perties of such integrals.

§1.

1. Let A, B be two homeomorphic absolute manifolds of n dimensions,
and consider the product A X B. On this there is a cycle r of n dimen-
sions, homeomorphic to A or B, corresponding to the transformation
between A and B implied by their homeomorphism. If a4 (i = 1,
Rp), where Rp is the pth Betti number of A, is a base for the p-cycles of
A, and b1 (i = 1..., Rp) is the corresponding base for the p-cycles of B,
then

as, X b_-p (i =1...,Rp; i = 1, . .., Rr_p; p = 0, . .. r)

form a base for the r-cycles of A X B. We therefore have

t,J,p

The coefficients esP are known,2 and the matrix (eP) = s' is given by e1 -

(aP)' where at, = = ap.aa-p (the intersection of a4 and am-p). Now
let Irh be the r-cycle of r which is the homeomorph of the cycle ah of A.

rh #F.arXB
, t ai ahX i parh

i,j,p i,j,p

Let ar .4p :t Er aE+p_h (or zero if r + p < n).

Then ar. ap .a2n-r-p = Ai a (r+p-n) *a2n-r-p.

The matrices a?p = (ah. ap . n-r-p).
and ad+p-n = (dr+P n-a2jn-r-P)
are characteristic matrices of the manifold and are known when the mani-
fold is completely specified. Hence if
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ih,p = (irpj),
ih = ah (a+ )

Now r P(-1)p7 hPia+p_ n X bJ
rn+p-n al+p-n X bJp,

where + -n= (-1)Pr(,)p

-= (-1)Pr(a r+P-n)1 (arp) (at)-

and hence rh can be expressed in terms of the base for r-cycles of A X B
by a homology in which the coefficients are known.
A more convenient method of writing the result is to put

P+q= r.

Then Xap= (-)(n-(ar '

2. Let the manifolds A and B be two Riemann manifolds associated
with the algebraic variety F whose equation is

F(xo, xl, ..., Xm) = 0

in a (complex) space of m + 1 dimensions in which the coordinates are
(xo, ..., xm). A X B is then a Riemann manifold associated with the
ordered product cI of the variety by itself, or, if we like, the intersection
of the cylinders

F(xo, xi, ..., xm) = 0
(xO,,..., x") = 0

in the space of 2m + 2 dimensions (xo, ..., xm, X0, . . .,

If / EPith
) ia * . dxi,. . .dxi, - PJ dP

is a p-fold integral of a total differential of the first kind attached to F, and

Jf E Qjl. jq dxj,.. dxjq = dQ
(a ir 11)

is a g-fold integral of similar type,

Jf E Pis * *IQ;...j dxi, . .. dxip d1x;l...dx,, (1
(P+q) i,j

where the "Q"' implies that each x, is replaced by x, in Q, is a (p + q)-
fold integral of a total differential on (D. The variety of m dimensions
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on (D which corresponds to the identity transformation on F is given by
putting xi = xi(i = 0, ..., m) and is represented on A X B by r. The
value of the integral (1) taken over a cycle rh (r = p + q) of r is equal to
the value of

j+q) pil . ip Q... j dxil ... dxip dxj.. . . dxj,
(P+q) i,j

taken over the corresponding cycle of A, and hence it vanishes if r > m.
But as (1) is the integral of a total differential of the first kind on A X B
its value is unaltered if rr is replaced by a homologous cycle, in particular
by the cycle

EkPasp X b_fi
i,jJp

Now the value of the integral evaluated over

as X bJ_p
is cot X wq, where

wP= r dP, and w. =Jb dQ I

and the value over ai> X bJ_p, (p $ p') is zero, since this cycle can be
deformed into one lying in

xp'+1 = 0, ..., Xm = 0, Xr-p'+i = 0, ...X Xm = 0,

and, as either p' < p or r - p' < r - p, the result follows immediately.
Hence we have

0 = E Xpc4P .
ij

If cP denotes the matrix whose element in the iih column and the jth
row is the period of the ith p-fold integral of a total differential on A
with respect to the cycle ap, we have the matrix equation

wpxt\q = 0, (2)

and there will be one such relation for each of the Rr r-cycles of r.
3. The only question which remains is whether the relations (2) -are

vacuous or not. Consider the simple case in which m = 2, so that F is
an algebraic surface, and take p = 1, q = 2. The relation (2) is made up
of relations of the form

XI. co01 J 0,
w,R

where w1 (i = 1, ..., R1) and wC j2 = 1, ..., R2) are the periods of a
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Picard integral of the first kind and of a double integral of the first kind,
respectively, attached to F. We know that w? = 0 if a' is an algebraic
cycle, and what we require to show is that there exist cycles al, a2 such
that wc X wa $ 0, and further 4i- * 0. A simple example will show that
this is the case, and hence the relation (2) does in fact yield relations
between the periods of the p- and q-fold integrals of total differentials of
the first kind on F.

Let C and D be two elliptic curves, and denote their 0-cycles; 1-cycles;
and 2-cycles, by c; 'l, 72; C and d; 51, 62; D, respectively. Then take
F as the product of C X D. On F the 0-cycle is ao = c X d, the 1-cycles
al, ... ,ac4are c X 51, c X 62, 'Yl X d, 72 X d, the two cycles a', ..., a6 are
c X D, Yl X 61, 'Yl X 62,72 X 51, 72 X 62, C X d, and the 3-cycles a', . ..,
are 71X D, 72 X D, C X 61, C X 62. The matrices

-1 . . -I 1r-a a 2 F.1.1.

(a Xa)= r 0 0 c X 61 c X 62
0 c X 61 0 -,Y, X d
0 C X 62 -y X d 0

-C X 51 ° ° -72 X d
-C X 32 O 72 X d O

L7l X d 72 X d
0 OXj

Now let rJh be the homeomorph of a', then ad2 is

r-. . *-

L .3

and from this it follows that

1 . - . .

L . . . . .1

If (1, r) are the periods of the integral of the first kind attached to C and
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(1, a) those of the integral on D, the period matrix for Picard integrals
of the first kind on F is

1 a 00
0 0 1 r

and the periods of the double integral of the first kind are

0, 1, ci, T, TcI, 0;

and hence if we take the relation arising from the first Picard integral

13 = -1, c4 = 1, (4 = ,

and this establishes the required result.
4. If there is a singular transformation of F into itself we shall get a

new algebraic cycle r on A X B corresponding to this, and we shall have
new relations of type (2) arising from each rh of this r. Lefschetz3 has
shown how to calculate the coefficients 4f for r in this case. Making the
necessary alterations in our calculations, if

rh ;j,4c4&a' X brp,

*p = XPf (r = p +q)
when fq is the matrix of transformation of the q-cycles. The new relation
is then

co X f2q = 0.
But the Hurwitz4 theory of correspondence tells us that there is a matric
vq such that

vqxq = coqy,
and hence the new relations can be obtained by combining the relations
(2) with the Hurwitz relations.

§2.

5. The second application of our method deals with integrals of the
second kind attached to an algebraic variety. It is known that if

f Oi(x, y)dx (i = ly ... ., 2p)
are 2p independent integrals of the second kind attached to a curve C
of genus p

f(x, y) = 0,
and (xl, yi) and (x2, Y2) are two points of C, then there exists a certain
matrix (eis), whose elements do not depend on (xi, yi) or (x2, Y2) such that

E 4ij,i(Xl, Yi) 4i (x2, Y2) = R(xi, x2, yl, Y2) +I (x S(xl, X2, YI, Y2)
ii x X
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where R and S denote rational functions; and the differentiations are
made on the assumption that (xi, yi) and (x2, Y2) lie on C. The importance
of this result lies in the fact that it gives an algebraic form to the well-
known theory of the "interchange of argument and parameter" for normal
integrals of the third kind.5
The existence of such a result is obvious from certain geometrical con-

siderations, but not its form. The argument is as follows. We take C
as the variety F of §1 and consider the surface (D. Denote the integrals
of the second kind attached to A by U1, U2, ..., U2p, and let the corre-
sponding ones attached to B be VI, V2, ..., V2p. Then clearly Ui X Vj is
an integral of the second kind attached to 4b. Now for 4,

R2 = 4p2 + 2.

Consider the Picard number p. This is in general equal to 3, for there
are three independent curves on it x = const., x' = const. x = x'. There-
fore there are

R2- p= 4p2 - 1

independent integrals of the second kind on 4), and hence the 4p2 integrals
Ui X V1 are not all independent. There must therefore be a matrix
(e,j) such that

E ij Ui X Vj
ij

is improper.
6. This suggests generalizations of the result. In the first place, if

there are k singular correspondences on the curve C, to each of these
there corresponds a curve on (D (or rather two curves on 4', which are
interchanged when we interchange x and x'). Hence p is increased, so
that to each correspondence there corresponds a new bilinear expression
in U, V which is improper. Again, the arguments can be extended to
any variety and give similar results for varieties of m dimensions. The
application of the results to function theory is, however, not obvious.
By means of our topological methods we are able to give exact forms

to the bilinear expressions which are improper, and this paragraph is
devoted to finding these forms. We proceed with the most general case
and use the notation of §1.

7. Consider on A X B the algebraic cycle of 2m dimensions r which
represents any correspondence between A and B,

r EeI a' X b2mp.
t,J,p

From the formula of Lefschetz, already quoted,

eP = (aP) -lf2m- P
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where f2m-P is the matrix of transformation of the (2m -p)-cycles. Let
r1 stand for the cycle

ri EE a'X bim.
ii

Then (rP.r1) = = (-1) ' E;-jhkaihbjk (where the affix m is omitted,
i,j,h,k

as this is the only one which is required in the sequel).
Writing rrs = r jE ja2ir bis -(-l)mya, X bS,

we have
(rrs.ri) = o, E ers rrs 0.-

Let Ul, ..., Urm be the integrals of the second kind attached to A which
have unit periods on a'l, ... ., am, respectively, and all their other periods
equal to zero, and let V1, .. , 'ARm be the corresponding integrals of B.
Some of these may be improper, but this does not affect the argument.
The period of Ua, X Vb on rab is

.Eab eij aia bjb - ( mY1)m
ii

and on any other cycle rrs it is

E ab Eij air b1s.

Hence the period of fak akb Ua X Vb
k,a,b

on rrs is Zfak akb 6ab eij ajr bis - (1)Y E frk aks
a,b,i,j,k k

= Efak akb Cab frkb5 (1) ry E frk aks
a,b,j,k k

Efrf ay [ fak akb 6ab - ( -1)m ], (since a = b)

= 0.

8. Now let us take as our base for cycles of 2m-dimensions in A X B,
R- 1 of the cycles r,s, the cycle ri, and the cycles ah X b4mk_i (i * m).
These last cycles can all be submerged in the manifold of A X B which
corresponds to a section of 4', and ri is homologous to the difference be-
tween an algebraic cycle and these cycles. Further all these cycles meet
r,s in a number of points algebraically equal to zero. Hence6 if an integral
of the second kind has zero periods on all the cycles rrs it is improper.
Therefore

* fak akb Ua X Vb
k,a,b

is improper. We write this
r~amVU
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In general if ul, ..., URm is any system of integrals of the second kind on
A, and vi, ..., VRm is the corresponding system on B

U = Cw-lu, V==-lV

where w is the period matrix of the integrals and we have the result that
if a is a matrix

CZ = c lfmamw

.a.,us X Vj

is improper.
9. It is possible to deduce a similar relation between the p- and q-fold

integrals of total differentials of the second kind by considering the cycle
r~ of §1. Until, however, some application of such a result arises there
is no point in carrying through the analysis, which does not introduce any
new idea.

1 Hodge, J. Lon. Math. Soc., 5, p. 283 (1930).
2 Lefschetz, Colloquium Lectures on Topology, p. 266 (1930).
3Loc. cit.
Hurwitz, Mat. Ann., 28, 561-585 (1887).

5Cf. Baketr, Abel's Theorem and the Allied Theory, p. 185.
6 Lefschetz, Trans. Amer. Math. Soc., 22, 337 (1921).
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Let

dxi = Xi(xi, . ,Xn) (i = ly 2, ..., n)(1di

be a system of n differential equations of the first order, valid in a closed
analytic n-dimensional manifold without singularity, M. The points
of M are taken to be represented by a finite number of such sets of variables
(x) in overlapping domains. For definiteness, the right-hand members
Xi as well as the transformations of connection between the sets (x) are
taken to be analytic. Finally it will be assumed that there is a volume
integral invariant, Jf dxl dx2... dxn in suitable coordinates.
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